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Many authors have found congruences and inﬁnite families of 
congruences modulo 2, 3, 4, 18, and 36 for Andrews’ deﬁned 
combinatorial objects, called singular overpartitions, denoted 
by Cδ,i(n), which count the number of overpartitions of n in 
which no part is divisible by δ and only parts ≡ ±i (mod δ)
may be overlined. In this paper, we ﬁnd congruences for 
C3,1(n) modulo 4, 6, 12, 16, 18, and 72; inﬁnite families of 
congruences modulo 12, 18, 48, and 72 for C3,1(n); and inﬁnite 
families of congruences modulo 2 for C16,4(n), C21,7(n) and 
C28,7(n). In addition, we ﬁnd congruences for A5(n) which 
represents the number of overpartitions where the parts are 
not multiples of 5.
© 2016 Elsevier Inc. All rights reserved.
1. Introduction
Andrews [3] deﬁned combinatorial objects that he called singular overpartitions, de-
noted by Cδ,i(n), which count the number of overpartitions of n in which no part is 
divisible by δ and only parts ≡ ±i (mod δ) may be overlined. Ten singular overparti-
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4, 4, 2 + 2, 2 + 2, 2 + 1 + 1, 2 + 1 + 1, 2 + 1 + 1, 2 + 1 + 1, 1 + 1 + 1 + 1, 1 + 1 + 1 + 1.
For δ ≥ 3 and 1 ≤ i ≤ ⌊ δ2⌋, the generating function for Cδ,i(n) is
∞∑
n=0
Cδ,i(n)qn =
(qδ; qδ)∞(−qi; qδ)∞(−qδ−i; qδ)∞
(q; q)∞
. (1.1)
Throughout the paper, we use the standard q-series notation, and fk is deﬁned as
fk := (qk; qk)∞ = lim
n→∞
n∏
m=1
(1 − qmk).
For |ab| < 1, Ramanujan’s general theta function f (a, b) is deﬁned as
f (a, b) =
∞∑
n=−∞
an(n+1)/2bn(n−1)/2. (1.2)
Using Jacobi’s triple product identity [5, Entry 19, p. 35], (1.2) becomes
f (a, b) = (−a, ab)∞ (−b, ab)∞ (ab, ab)∞ .
The most important special cases of f (a, b) are
ϕ (q) := f (q, q) = 1 + 2
∞∑
n=1
qn
2
= (−q; q2)2∞(q2; q2)∞ =
f52
f21 f
2
4
, (1.3)
ψ (q) := f
(
q, q3
)
=
∞∑
n=0
qn(n+1)/2 = (q
2; q2)∞
(q; q2)∞
= f
2
2
f1
, (1.4)
and
f(−q) := f(−q, −q2) =
∞∑
n=−∞
(−1)nqn(3n−1)/2 = (q; q)∞ = f1. (1.5)
Equation (1.5) is a statement of the pentagonal number theorem [2, pp. 9–12].
Andrews found that for each n ≥ 0,
C3,1(9n + 3) ≡ C3,1(9n + 6) ≡ 0 (mod 3), (1.6)
and also that, for all n ≥ 0, C3,1(n) = A3(n), where A3(n) is the number of overpar-
titions of n into parts not divisible by 3. The function A(n) represents the number of 
overpartitions of n into parts not divisible by , and the generating function for A(n) is 
given by
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n=0
A(n)qn =
ϕ(−q)
ϕ(−q) =
(−q; q)∞(q; q)∞
(q; q)∞(−q; q)∞ . (1.7)
Recently, Chen et al. [6] proved that congruence (1.6) is a part of their inﬁnite family 
of mod 3 congruences satisﬁed by C3,1(n), and may be obtained from the following 
theorem:
Theorem 1.1. Let p ≡ 3 (mod 4) be prime. Then for all k, m ≥ 0 with p  m,
C3,1(p2k+1m) ≡ 0 (mod 3). (1.8)
They also proved the inﬁnite family of congruences modulo 8 for C3,1(n), arithmetic 
properties of C4,1(n), congruences modulo 3 for C6,1(n), and congruences modulo 2 and 
3 for C6,2(n).
Ahmed and Baruah [1] found congruences for C3,1(n) modulo 4, 18 and 36, inﬁnite 
families of congruences modulo 2 and 4 for C8,2(n), congruences modulo 2 and 3 for 
C12,2(n), C12,4(n), and congruences modulo 2 for C24,8(n) and C48,16(n), by employ-
ing simple p-dissections of Ramanujan’s theta functions. For example, they proved the 
following theorems:
Theorem 1.2. For any nonnegative integer n,
C3,1(48n + 12) ≡ 0 (mod 18), (1.9)
C3,1(12n + 7) ≡ 0 (mod 36), (1.10)
C3,1(12n + 11) ≡ 0 (mod 36), (1.11)
C3,1(24n + 14) ≡ 0 (mod 36), (1.12)
and
C3,1(24n + 22) ≡ 0 (mod 36). (1.13)
Theorem 1.3. If p is a prime such that p ≡ 3 (mod 4) and 1 ≤ j ≤ p − 1, then for all 
nonnegative integers α and n,
C12,2
(
p2α+1(pn + j) + 5 · p
2α+2 − 1
8
)
≡ 0 (mod 3). (1.14)
In Section 3, we prove congruences (1.12) and (1.13) satisﬁed by C3,1(n) hold for 
modulo 72 and we also prove congruences modulo 6, 12, 16, 18, and 24 for C3,1(n); and 
inﬁnite families of congruences modulo 12, 18, 48, and 72 for C3,1(n). In the subsequent 
sections, we prove inﬁnite families of congruences modulo 2 for C16,4(n), C21,7(n) and 
C28,7(n). We also prove inﬁnite families of congruences modulo 16 for A5(n), deﬁned 
in (1.7).
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this paper. It is deﬁned by
(
a
p
)
=
⎧⎪⎪⎨
⎪⎪⎩
1 if a is a quadratic residue modulo p and a ≡ 0 (mod p),
−1 if a is a quadratic non-residue modulo p,
0 if a ≡ 0 (mod p).
(1.15)
2. Preliminaries
We recall 2-dissection identities for certain quotients of theta functions and p-dissection 
identities for f(−q) and ψ(q) which play key roles in proving our main results.
Lemma 2.1. The following 2-dissections hold:
1
f21
= f
5
8
f52 f
2
16
+ 2q f
2
4 f
2
16
f52 f8
, (2.1)
and
1
f41
= f
14
4
f142 f
4
8
+ 4q f
2
4 f
4
8
f102
. (2.2)
Lemma 2.1 is a consequence of Ramanujan’s dissection formulas, collected by Berndt 
[5, Entry 25 p. 40].
Lemma 2.2. The following 2-dissections hold:
f3
f31
= f
6
4 f
3
6
f92 f
2
12
+ 3q f
2
4 f6f
2
12
f72
, (2.3)
f33
f1
= f
3
4 f
2
6
f22 f12
+ q f
3
12
f4
. (2.4)
Equation (2.3) was proved by Baruah and Ojah [4] and (2.4) was proved by Hirschhorn, 
Garvan, and Borwein [8].
Lemma 2.3. The following 2-dissection holds:
f23
f21
= f
4
4 f6f
2
12
f52 f8f24
+ 2q f4f
2
6 f8f24
f42 f12
. (2.5)
For a proof of (2.5), see [11].
Lemma 2.4. The following 2-dissection holds:
f5 = f8f
2
20
2 + q
f34 f10f40
3 . (2.6)f1 f2 f40 f2 f8f20
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Lemma 2.5. (See [10, Lemma 3.4].) The following 2-dissections hold:
1
f1f7
= f
2
16f
5
56
f22 f8f
2
14f
2
28f
2
112
+ q f
2
4 f
2
28
f32 f
3
14
+ q6 f
5
8 f
2
112
f22 f
2
4 f
2
14f
2
16f56
(2.7)
and
f1f7 =
f2f14f
2
16f
5
56
f4f8f328f
2
112
− qf4f28 + q6 f2f
5
8 f14f
2
112
f34 f
2
16f28f56
. (2.8)
Lemma 2.6. (See [7, Theorem 2.1].) For any odd prime, p,
ψ(q) =
p−3
2∑
m=0
q
m2+m
2 f
(
q
p2+(2m+1)p
2 , q
p2−(2m+1)p
2
)
+ q
p2−1
8 ψ(qp
2
). (2.9)
Furthermore, m2+m2 ≡ p
2−1
8 (mod p) for 0 ≤ m ≤ p−32 .
Lemma 2.7. (See [7, Theorem 2.2].) For any prime, p ≥ 5,
f1 =
p−1
2∑
k=− p−12
k =(±p−1)/6
(−1)kq 3k
2+k
2 f
(
−q 3p
2+(6k+1)p
2 , −q 3p
2−(6k+1)p
2
)
+ (−1)±p−16 q p
2−1
24 fp2 .
(2.10)
Furthermore, for −(p − 1)/2 ≤ k ≤ (p − 1)/2 and k = (±p − 1)/6,
3k2 + k
2 ≡
p2 − 1
24 (mod p).
3. Congruences for C3,1(n)
Theorem 3.1. For each n ≥ 0,
∞∑
n=0
C3,1(2n + 1)qn ≡ 2f2f
4
4
f6
(mod 6), (3.1)
∞∑
n=0
C3,1(4n + 2)qn ≡ 4f2f
4
4
f6
(mod 12), (3.2)
∞∑
n=0
C3,1(8n + 6)qn = 24
f122 f
3
3
f151
, (3.3)
≡ 8f
12
2 f
3
3
15 (mod 16), (3.4)f1
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n=0
C3,1(24n + 15)qn ≡ 12f
2
2 f
2
8
f1f4
(mod 18), (3.5)
∞∑
n=0
C3,1(24n + 6)qn ≡ 24f
4
2
f21
(mod 72), (3.6)
and
∞∑
n=0
C3,1(48n + 30)qn ≡ 48f
2
2 f
2
8
f1f4
(mod 72). (3.7)
Proof. Setting δ = 3 and i = 1 in (1.1), we have
∞∑
n=0
C3,1(n)qn =
(q3; q3)∞(−q; q3)∞(−q2; q3)∞
(q; q)∞
= (q
2; q2)∞(q3; q3)2∞
(q; q)2∞(q6; q6)∞
. (3.8)
Substituting (2.5) into (3.8), we ﬁnd that
∞∑
n=0
C3,1(n)qn =
f44 f
2
12
f42 f8f24
+ 2q f4f6f8f24
f32 f12
, (3.9)
which yields, for each n ≥ 0,
∞∑
n=0
C3,1(2n)qn =
f42 f
2
6
f41 f4f12
, (3.10)
and
∞∑
n=0
C3,1(2n + 1)qn = 2
f2f3f4f12
f31 f6
. (3.11)
From the Binomial Theorem, for any positive integer, k,
f2k ≡ f2k (mod 2) (3.12)
and
f3k ≡ f3k (mod 3). (3.13)
From (3.13) and (3.11), we deduce (3.1).
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∞∑
n=0
C3,1(2n)qn =
f42 f
2
6
f4f12
(
f144
f142 f
4
8
+ 4q f
2
4 f
4
8
f102
)
= f
13
4 f
2
6
f102 f
4
8 f12
+ 4q f4f
2
6 f
4
8
f62 f12
, (3.14)
which implies that
∞∑
n=0
C3,1(4n + 2)qn = 4
f2f
2
3 f
4
4
f61 f6
, (3.15)
and congruence (3.2) follows from (3.13) and (3.15).
Invoking (2.3) and (3.15), we have
∞∑
n=0
C3,1(4n + 2)qn = 4
f2f
4
4
f6
(
f64 f
3
6
f92 f
2
12
+ 3q f
2
4 f6f
2
12
f72
)2
= 4 f
16
4 f
5
6
f172 f
4
12
+ 36q2 f
8
4 f6f
4
12
f132
+ 24q f
12
4 f
3
6
f152
, (3.16)
which yields, for each n ≥ 0,
∞∑
n=0
C3,1(8n + 6)qn = 24
f122 f
3
3
f151
, (3.17)
which is (3.3). On the other hand, congruence (3.4) is obvious from (3.3).
Substituting (2.3) into (3.11),
∞∑
n=0
C3,1(2n + 1)qn = 2
f74 f
2
6
f82 f12
+ 6q f
3
4 f
3
12
f62
. (3.18)
Extracting the terms involving odd powers of q from (3.18),
∞∑
n=0
C3,1(4n + 3)qn = 6
f32 f
3
6
f61
. (3.19)
From (3.13),
f32 f
3
6
6 ≡
f46
2 (mod 3). (3.20)f1 f3
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∞∑
n=0
C3,1(4n + 3)qn ≡ 6f
4
6
f23
(mod 18), (3.21)
which yields, for each n ≥ 0,
∞∑
n=0
C3,1(12n + 3)qn ≡ 6f
4
2
f21
(mod 18). (3.22)
Invoking (2.1) and (3.22),
∞∑
n=0
C3,1(12n + 3)qn ≡ 6 f
5
8
f2f216
+ 12q f
2
4 f
2
16
f2f8
(mod 18). (3.23)
Equating the coeﬃcients of q2n+1 from both sides of (3.23), dividing throughout by q
and then replacing q2 by q, we arrive at (3.5).
It follows from (3.13) that
f122 f
3
3
f151
≡ f
4
6
f23
(mod 3), (3.24)
and (3.6) follows from (3.17) and (3.24).
Substituting (2.1) into congruence (3.6),
∞∑
n=0
C3,1(24n + 6)qn ≡ 24 f
5
8
f2f216
+ 48q f
2
4 f
2
16
f2f8
(mod 72), (3.25)
and (3.7) follows from (3.25). 
Theorem 3.2. For all integers n ≥ 0,
C3,1(4n + 2) ≡ 0 (mod 4), (3.26)
C3,1(4n + 3) ≡ 0 (mod 6), (3.27)
C3,1(8n + 7) ≡ 0 (mod 12), (3.28)
C3,1(12n + 3) ≡
{
6 (mod 18) if n is sum of two triangular numbers,
0 (mod 18) otherwise,
(3.29)
C3,1(8n + 6) ≡ 0 (mod 24), (3.30)
C3,1(24n + 14) ≡ 0 (mod 72), (3.31)
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C3,1(24n + 22) ≡ 0 (mod 72). (3.32)
Proof. Congruences (3.26) and (3.27) follow from (3.2) and (3.1), respectively.
From (3.12),
f32 f
3
6
f61
≡ f36 (mod 2). (3.33)
Invoking (3.19) and (3.33),
∞∑
n=0
C3,1(4n + 3)qn ≡ 6f36 (mod 12). (3.34)
Equating the coeﬃcients of q2n+1 from both sides of (3.34), dividing throughout by q
and then replacing q2 by q, we arrive at (3.28).
Congruence (3.29) follows from (1.4) and (3.22). On the other hand, congruence (3.30)
is obtained from (3.3).
From (3.13),
f122 f
3
3
f151
≡ f
4
6
f23
(mod 3). (3.35)
Using (3.35), we can express (3.3) as
∞∑
n=0
C3,1(8n + 6)qn ≡ 24f
4
6
f23
(mod 72), (3.36)
from which we arrive at (3.31) and (3.32). This completes the proof. 
Theorem 3.3. For all integers n ≥ 0,
C3,1(4n + 2) ≡ 2C3,1(2n + 1) (mod 6), (3.37)
C3,1(8n + 6) ≡ 4C3,1(4n + 3) (mod 18) (3.38)
and
C3,1(48n + 30) ≡ C3,1(24n + 15) (mod 18). (3.39)
Proof. Congruence (3.37) follows from (3.1) and (3.2), (3.38) is obtained from (3.21) and 
(3.36), and (3.39) follows from (3.5) and (3.7). 
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(−2
p
)
= −1. Then for all integers α ≥ 0
and n ≥ 0,
∞∑
n=0
C3,1
(
24p2αn + 3p2α
)
qn ≡ 6f1f2 (mod 12). (3.40)
Proof. From (3.34)
∞∑
n=0
C3,1(24n + 3)qn ≡ 6f31 (mod 12). (3.41)
Using (3.12), we can express (3.41) as
∞∑
n=0
C3,1(24n + 3)qn ≡ 6f1f2 (mod 12). (3.42)
For a prime, p ≥ 5 and −(p − 1)/2 ≤ k, m ≤ (p − 1)/2, consider
3k2 + k
2 + 2 ×
3m2 + m
2 ≡
3p2 − 3
24 (mod p).
Therefore,
(6k + 1)2 + 2(6m + 1)2 ≡ 0 (mod p).
Since 
(−2
p
)
= −1, then k = m = (±p − 1)/6. Therefore, from Lemma 2.7,
∞∑
n=0
C21,7
(
24
(
p2n + 3 × p
2 − 1
24
)
+ 3
)
qn ≡ 6f1f2 (mod 12). (3.43)
Using (3.42) and (3.43) and by induction on α, we arrive at (3.40). 
Theorem 3.5. Let p be a prime, p ≥ 5, with 
(−2
p
)
= −1. Then for all integers α ≥ 1
and n ≥ 0,
C3,1
(
24p2αn + (24j + 3p)p2α−1
) ≡ 0 (mod 12), (3.44)
where j = 1, 2, . . . , p − 1.
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∞∑
n=0
C3,1
(
24p2α
(
pn + 3p
2 − 3
24
)
+ 3p2α
)
qn =
∞∑
n=0
C3,1
(
24p2α+1n + 3p2α+2
)
qn
≡ 6fpf2p (mod 12). (3.45)
Therefore, it follows that
C3,1
(
24p2α+1 (pn + j) + 3p2α+2
) ≡ 0 (mod 12), (3.46)
where j = 1, 2, . . . , p − 1. This completes the proof for α ≥ 1. 
Theorem 3.6. Let p be a prime with p ≡ 3 (mod 4). Then for any nonnegative integers 
α and n,
∞∑
n=0
C3,1
(
12p2αn + 3p2α
)
qn ≡ 6ψ2(q) (mod 18). (3.47)
Proof. In view of (1.4), (3.22) can be expressed as
∞∑
n=0
C3,1(12n + 3)qn ≡ 6ψ2(q) (mod 18), (3.48)
which is the α = 0 case of (3.47). If we assume that (3.47) holds for some α ≥ 0, then, 
substituting (2.9) in (3.47),
∞∑
n=0
C3,1
(
12p2αn + 3p2α
)
qn ≡ 6
( p−3
2∑
m=0
q
m2+m
2 f
(
q
p2+(2m+1)p
2 , q
p2−(2m+1)p
2
)
+ q
p2−1
8 ψ(qp
2
)
)2
(mod 18). (3.49)
For any odd prime, p, and 0 ≤ m1, m2 ≤ (p − 3)/2, consider the congruence
m21 + m1
2 +
m22 + m2
2 ≡
2p2 − 2
8 (mod p),
which implies that
(2m1 + 1)2 + (2m2 + 1)2 ≡ 0 (mod p). (3.50)
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(−1
p
)
= −1 for p ≡ 3 (mod 4), the only solution of the congruence (3.50) is 
m1 = m2 =
p − 1
2 . Therefore, equating the coeﬃcients of q
pn+ 2p
2−2
8 from both sides of 
(3.49), dividing throughout by q 2p
2−2
8 and then replacing qp by q, we obtain
∞∑
n=0
C3,1
(
12p2α
(
pn + 2p
2 − 2
8
)
+ 3p2α
)
qn ≡ 6ψ2(qp) (mod 18). (3.51)
Equating the coeﬃcients of qpn on both sides of (3.51) and then replacing qp by q, we 
obtain
∞∑
n=0
C3,1
(
12p2α+2n + 3p2α+2
)
qn ≡ 6ψ2(q) (mod 18), (3.52)
which is the α + 1 case of (3.47). This completes the proof. 
Theorem 3.7. If p is any prime, such that p ≡ 3 (mod 4) and 1 ≤ j ≤ p − 1, then for 
any nonnegative integers α and n,
C3,1
(
12p2α+1(pn + j) + 3p2α+2
) ≡ 0 (mod 18). (3.53)
Proof. Extracting the terms involving qpn+j for 1 ≤ j ≤ p − 1 in (3.51), we arrive 
at (3.53). 
Theorem 3.8. For any prime, p ≥ 5, 
(−2
p
)
= −1, α ≥ 0, and n ≥ 0, we have
∞∑
n=0
C3,1
(
16p2αn + 6p2α
)
qn ≡ 24f1f8 (mod 48). (3.54)
Proof. From (3.12),
f122 f
3
3
f151
≡ f2f
3
3 f8
f1
(mod 2). (3.55)
Invoking (3.3) and (3.55),
∞∑
n=0
C3,1(8n + 6)qn ≡ 24f2f
3
3 f8
f1
(mod 48). (3.56)
But from (2.4),
f33 ≡ f8 + q f
3
12 (mod 2). (3.57)f1 f4
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∞∑
n=0
C3,1(8n + 6)qn ≡ 24f2f16 + 24q f
5
2 f
3
12
f4
(mod 48), (3.58)
which yields
∞∑
n=0
C3,1(16n + 6)qn ≡ 24f1f8 (mod 48). (3.59)
For a prime, p ≥ 5, and −(p − 1)/2 ≤ k, m ≤ (p − 1)/2, consider
3k2 + k
2 + 8 ×
3m2 + m
2 ≡
9p2 − 9
24 (mod p),
which implies that
(6k + 1)2 + 2(12m + 2)2 ≡ 0 (mod p).
Since 
(−2
p
)
= −1, the only solution of the above congruence is k = m = (±p − 1)/6. 
Therefore, from Lemma 2.7,
∞∑
n=0
C3,1
(
16
(
p2n + 9p
2 − 9
24
)
+ 6
)
qn ≡ 24f1f8 (mod 48). (3.60)
Invoking (3.59) and (3.60), we arrive at
∞∑
n=0
C3,1
(
16
(
p2n + 9p
2 − 9
24
)
+ 6
)
qn ≡
∞∑
n=0
C3,1(16n + 6)qn ≡ 24f1f8 (mod 48).
(3.61)
Congruence (3.54) follows from (3.61) by induction on α. 
Theorem 3.9. For any prime p ≥ 5, 
(−2
p
)
= −1, α ≥ 1, and n ≥ 0,
C3,1
(
16p2αn + (16j + 6p)p2α−1
) ≡ 0 (mod 48), (3.62)
where j = 1, 2, . . . , p − 1.
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∞∑
n=0
C3,1
(
16p2α
(
pn + 9p
2 − 9
24
)
+ 6p2α
)
qn =
∞∑
n=0
C3,1
(
16p2α+1n + 6p2α+2
)
qn
≡ 24fpf8p (mod 48). (3.63)
Therefore, it follows that
C3,1
(
16p2α+1 (pn + j) + 6p2α+2
) ≡ 0 (mod 48), (3.64)
where j = 1, 2, . . . , p − 1. This completes the proof for α ≥ 1. 
Theorem 3.10. If p is any prime such that p ≡ 3 (mod 4), then for any nonnegative 
integers α and n,
∞∑
n=0
C3,1
(
24p2αn + 6p2α
)
qn ≡ 24ψ2(q) (mod 72). (3.65)
Proof. Using (1.4), we can express (3.6) as
∞∑
n=0
C3,1(24n + 6)qn ≡ 24ψ2(q) (mod 72). (3.66)
The remainder of the proof is similar to that of Theorem 3.6, but rather than (3.48), we 
use (3.66). 
Theorem 3.11. If p is any prime such that p ≡ 3 (mod 4) and 1 ≤ j ≤ p − 1, then for 
any nonnegative integers α and n,
C3,1
(
24p2α+1(pn + j) + 6p2α+2
) ≡ 0 (mod 72). (3.67)
Proof. Proof of the Theorem 3.11 is similar to that of Theorem 3.7, but rather than 
Theorem 3.6, we use Theorem 3.10. 
We end the section with the following conjecture:
Conjecture 3.1. For each nonnegative integer n,
C3,1(12n + 11) ≡ 0 (mod 144). (3.68)
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Theorem 4.1. Let p be a prime, p ≥ 5 with 
(−6
p
)
= −1. Then for all integers α ≥ 0
and n ≥ 0,
∞∑
n=0
C16,4
(
p2αn + 11 × p
2α − 1
24
)
qn ≡ ψ(q)(q8; q8)∞ (mod 2). (4.1)
Proof. Setting δ = 16 and i = 4 in (1.1),
∞∑
n=0
C16,4(n)qn =
(q16; q16)∞(−q4; q16)∞(−q12; q16)∞
(q; q)∞
. (4.2)
Manipulating q-products and since (q; q)2∞ ≡ (q2; q2)∞ (mod 2),
∞∑
n=0
C16,4(n)qn ≡ ψ(q)(q8; q8)∞ (mod 2). (4.3)
For a prime p ≥ 5, −(p − 1)/2 ≤ k ≤ (p − 1)/2 and 0 ≤ m ≤ (p − 3)/2, let us consider 
the congruence
4(3k2 + k) + m
2 + m
2 ≡
11p2 − 11
24 (mod p),
which is equivalent to
(24k + 4)2 + 6(2m + 1)2 ≡ 0 (mod p).
Since 
(−6
p
)
= −1, the only solution that satisﬁed the above congruence is k = (±p −
1)/6 and m = (p − 1)/2. Therefore, from Lemmas 2.6 and 2.7,
∞∑
n=0
C16,4
(
p2n + 11 × p
2 − 1
24
)
qn ≡ ψ(q)(q8; q8) (mod 2). (4.4)
Using (4.3), (4.4) and induction on α, we arrive at (4.1). 
Theorem 4.2. If p is any odd prime such that 
(−6
p
)
= −1, then for any nonnegative 
integers α and n,
C16,4
(
p2α+1(pn + j) + 11 × p
2α+2 − 1
24
)
≡ 0 (mod 2). (4.5)
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∞∑
n=0
C16,4
(
p2α
(
pn + 11 × p
2 − 1
24
)
+ 11 × p
2α − 1
24
)
qn ≡ ψ(qp)(q8p; q8p) (mod 2).
That is,
∞∑
n=0
C16,4
(
p2α+1n + 11 × p
2α+2 − 1
24
)
qn ≡ ψ(qp)(q8p; q8p) (mod 2). (4.6)
Comparing coeﬃcients of qpn+j , for 1 ≤ j ≤ p − 1, from both sides of (4.6), we arrive 
at (4.5). 
5. Congruences for C21,7(n)
Theorem 5.1. Let p be a prime, p ≥ 5 with 
(−14
p
)
= −1. Then for all integers α ≥ 0
and n ≥ 0,
∞∑
n=0
C21,7
(
2p2αn + 5p
2α − 1
4
)
qn ≡ f1f14 (mod 2). (5.1)
Proof. Setting δ = 21 and i = 7 in (1.1),
∞∑
n=0
C21,7(n)qn =
(q21; q21)∞(−q7; q21)∞(−q14; q21)∞
(q; q)∞
= (q
21; q21)∞(−q7; q7)∞
(−q21; q21)∞(q; q)∞
≡ f1f7
f2
(mod 2). (5.2)
Substituting (2.8) into (5.2),
∞∑
n=0
C21,7(n)qn ≡ f14f
2
16f
5
56
f4f8f328f
2
112
− q f4f28
f2
+ q6 f
5
8 f14f
2
112
f34 f
2
16f28f56
(mod 2),
which yields, for each n ≥ 0,
∞∑
n=0
C21,7(2n + 1)qn ≡ f1f14 (mod 2). (5.3)
For a prime p ≥ 5 and −(p − 1)/2 ≤ k, m ≤ (p − 1)/2, let us consider the congruence
3k2 + k + 14 × 3m
2 + m ≡ 15p
2 − 15 (mod p),2 2 24
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(6k + 1)2 + 14(6m + 1)2 ≡ 0 (mod p).
Since 
(−14
p
)
= −1, the only solution that satisﬁed the above congruence is k = m =
(±p − 1)/6. Therefore, from Lemma 2.7,
∞∑
n=0
C21,7
(
2
(
p2n + 15 × p
2 − 1
24
)
+ 1
)
qn ≡ f1f14 (mod 2). (5.4)
Using (5.3), (5.4) and induction on α, we arrive at (5.1). 
Theorem 5.2. Let p be a prime, p ≥ 5 with 
(−14
p
)
= −1. Then for all integers α ≥ 1
and n ≥ 0,
C21,7
(
2p2αn + (8j + 5p)p
2α−1 − 1
4
)
≡ 0 (mod 2), (5.5)
where j = 1, 2, . . . , p − 1.
Proof. From Lemma 2.7 and Theorem 5.1, for each α ≥ 0,
∞∑
n=0
C21,7
(
2p2α
(
pn + 15 × p
2 − 1
24
)
+ 5p
2α − 1
4
)
qn ≡ fpf14p (mod 2). (5.6)
That is,
∞∑
n=0
C21,7
(
2p2α+1n + 5p
2α+2 − 1
4
)
qn ≡ fpf14p (mod 2), (5.7)
which yields for j = 1, 2, . . . , p − 1,
C21,7
(
2p2α+1(pn + j) + 5p
2α+2 − 1
4
)
≡ 0 (mod 2). (5.8)
Therefore, for each α ≥ 1 and j = 1, 2, . . . , p − 1, (5.5) follows from (5.8). 
6. Congruences for C28,7(n)
Theorem 6.1. Let p ≥ 5 be a prime and 
(−21
p
)
= −1. Then for all integers n ≥ 0 and 
α ≥ 0,
∞∑
C28,7
(
2p2αn + 11p
2α − 5
6
)
qn ≡ ψ(q7)f1 (mod 2). (6.1)n=0
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∞∑
n=0
C28,7(n)qn =
(q28; q28)∞(−q7; q28)∞(−q21; q28)∞
(q; q)∞
. (6.2)
After q-products manipulation and (3.12),
∞∑
n=0
C28,7(n)qn ≡ f
2
14
f1f7
(mod 2). (6.3)
Substituting (2.7) into (6.3) and extracting the coeﬃcients of q2n+1,
∞∑
n=0
C28,7(2n + 1)qn ≡ f
2
2 f
2
14
f31 f7
(mod 2). (6.4)
Using (3.12), (6.4) can be expressed as
∞∑
n=0
C28,7(2n + 1)qn ≡ ψ(q7)f1 (mod 2), (6.5)
which is the α = 0 case of (6.1). Suppose (6.1) is true for some α ≥ 0. Substituting (2.9)
and (2.10) into (6.1),
∞∑
n=0
C28,7
(
2p2αn + 11p
2α − 5
6
)
qn
≡
( p−3
2∑
m=0
q7×
m2+m
2 f
(
q7×
p2+(2m+1)p
2 , q7×
p2−(2m+1)p
2
)
+ q7×
p2−1
8 ψ(q7p
2
)
)
×
( p−1
2∑
k=− p−12
k =(±p−1)/6
(−1)kq 3k
2+k
2 f
(
−q 3p
2+(6k+1)p
2 , −q 3p
2−(6k+1)p
2
)
+ (−1)±p−16 q p
2−1
24 fp2
)
(mod 2). (6.6)
For a prime p ≥ 5, −(p − 1)/2 ≤ k ≤ (p − 1)/2 and 0 ≤ m ≤ (p − 3)/2, consider the 
congruence
3k2 + k
2 + 7 ×
m2 + m
2 ≡
22p2 − 22
24 (mod p),
which is equivalent to
(6k + 1)2 + 21(2m + 1)2 ≡ 0 (mod p).
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(−21
p
)
= −1, the only solution of the above congruence is k = (±p − 1)/6 and 
m = (p − 1)/2. Therefore, extracting the terms containing qpn+ 11p
2−11
12 from both sides 
of (6.6), dividing through by q 11p
2−11
12 and then replacing qp by q,
∞∑
n=0
C28,7
(
2p2α+1n + 11p
2α+2 − 5
6
)
qn ≡ ψ(q7p)fp (mod 2), (6.7)
which yields, for each n, α ≥ 0,
∞∑
n=0
C28,7
(
2p2α+2n + 11p
2α+2 − 5
6
)
qn ≡ ψ(q7)f1 (mod 2), (6.8)
which is the α+1 case of (6.1). This completes the proof by mathematical induction. 
Theorem 6.2. Let p ≥ 5 be a prime and 
(−21
p
)
= −1. Then for all nonnegative integers 
n and α,
C28,7
(
2p2α+1(pn + j) + 11p
2α+2 − 5
6
)
≡ 0 (mod 2). (6.9)
Proof. Equating the coeﬃcients of qpn+j , for j = 1, 2, . . . , p −1, from both sides of (6.7), 
we arrive at (6.9). 
7. Congruences for A5(n)
Theorem 7.1. If p ≥ 5 is a prime such that 
(−8
p
)
= −1, then for all integers n ≥ 0 and 
α ≥ 0,
∞∑
n=0
A5
(
8p2αn + 3p2α
)
qn ≡ 8f1f8 (mod 16). (7.1)
Proof. Setting  = 5 in (1.7),
∞∑
n=0
A5(n)qn =
(−q; q)∞(q5; q5)∞
(q; q)∞(−q5; q5)∞
= (q
2; q2)∞(q5; q5)2∞
(q; q)2∞(q10; q10)∞
. (7.2)
Substituting (2.6) into (7.2),
∞∑
A5(n)qn =
f2
f10
(
f8f
2
20
f2f40
+ q f
3
4 f10f40
f3f8f20
)2
,n=0 2 2
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∞∑
n=0
A5(2n + 1)qn = 2
f32 f10
f41
. (7.3)
Invoking (2.2) and (7.3),
∞∑
n=0
A5(2n + 1)qn = 2
f144 f10
f112 f
4
8
+ 8q f
2
4 f
4
8 f10
f72
, (7.4)
which implies that
∞∑
n=0
A5(4n + 3)qn = 8
f22 f
4
4 f5
f71
. (7.5)
From (3.12),
f22 f
4
4 f5
f71
≡ f
4
4 f5
f1f2
(mod 2). (7.6)
Combining (7.5) and (7.6),
∞∑
n=0
A5(4n + 3)qn ≡ 8f
4
4 f5
f1f2
(mod 16). (7.7)
Substituting (2.6) into (7.7),
∞∑
n=0
A5(4n + 3)qn ≡ 8f
4
4 f8f
2
20
f32 f40
+ 8q f
7
4 f10f40
f42 f8f20
(mod 16), (7.8)
which yields, for each n ≥ 0,
∞∑
n=0
A5(8n + 3)qn ≡ 8f
4
2 f4f
2
10
f31 f20
(mod 16). (7.9)
However, from (3.12),
f42 f4f
2
10
f31 f20
≡ f1f8 (mod 2). (7.10)
From (7.9) and (7.10),
∞∑
A5(8n + 3)qn ≡ 8f1f8 (mod 16). (7.11)n=0
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3k2 + k
2 + 8 ×
3m2 + m
2 ≡
9p2 − 9
24 (mod p),
therefore,
(6k + 1)2 + 8(6m + 1)2 ≡ 0 (mod p).
Since 
(−8
p
)
= −1, the only solution of the above congruence is k = m = (±p − 1)/6. 
Therefore, from Lemma 2.7,
∞∑
n=0
A5
(
8
(
p2n + 9 × p
2 − 1
24
)
+ 3
)
qn ≡ 8f1f8 (mod 16). (7.12)
Using (7.11), (7.12) and induction on α, we arrive at (7.1). 
Theorem 7.2. Let p ≥ 5 be prime and 
(−8
p
)
= −1. Then for all integers n ≥ 0 and 
α ≥ 1,
A5
(
8p2αn + p2α−1(3p + 8j)
) ≡ 0 (mod 16), (7.13)
where j = 1, 2, . . . , p − 1.
Proof. From Lemma 2.7 and Theorem 7.1, for each α ≥ 0,
∞∑
n=0
A5
(
8p2α
(
pn + 9 × p
2 − 1
24
)
+ 3p2α
)
qn ≡ 8fpf8p (mod 16). (7.14)
That is,
∞∑
n=0
A5
(
8p2α+1n + 3p2α+2
)
qn ≡ 8fpf8p (mod 16). (7.15)
Since there are no terms on the right of (7.15) where the powers of q are congruent to 
1, 2, . . . , p − 1 modulo p,
A5
(
8p2α+1(pn + j) + 3p2α+2
) ≡ 0 (mod 16), (7.16)
for j = 1, 2, . . . , p − 1. Therefore, for j = 1, 2, . . . , p − 1 and α ≥ 1, we arrive at (7.13). 
This completes the proof. 
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